Abstract-This paper proposes a new, efficient surface representation method for surface matching. A feature carrier for a surface point, which is a set of two-dimensional (2-D) contours that are the projections of geodesic circles on the tangent plane, is generated. The carrier is named point fingerprint because its pattern is similar to human fingerprints and plays a role in discriminating surface points. Corresponding points on surfaces from different views are found by comparing their fingerprints. The point fingerprint is able to carry curvature, color, and other information which can improve matching accuracy, and the matching process is faster than 2-D image comparison. A novel candidate point selection method based on the fingerprint irregularity is introduced. Point fingerprint is successfully applied to pose estimation of real range data.
I. INTRODUCTION
Surface matching has two direct important applications in the area of computer vision. The first is three-dimensional (3-D) image registration [1] - [4] , which is also known as pose estimation. When 3-D images are taken at different viewpoints and data fusion is necessary, the rigid transformation between each view needs to be computed. From Horn's work [5] , given three or more pairs of corresponding 3-D points, the rigid transformation between the point pairs has a closed form solution. Thus, the pose estimation problem becomes a surface point matching problem. The other application is object recognition [6] - [9] . The model library stores the surface features of each object and the corresponding object in the scene is found by comparing those features.
Discrete surface matching is difficult because two surfaces may have self occlusions, different sampling resolutions, and are only partly overlapped, which makes statistical-based features such as moments difficult to apply. Because the local surface geometry characteristic is insensitive to sampling resolution, previous works tried to use this information in an encoded form for point matching, especially with different surface representation schemes. These approaches convert the problem of 3-D point matching into one-dimensional or two-dimensional (2-D) feature matching [1] - [3] , [6] , [7] . A detailed survey of free-form object representation can be found in [10] .
Stein and Medioni [6] used the notion of splash to represent the normals along a geodesic circle of a center point, which is the local Gauss map, for 3-D object recognition tasks. The geodesic circle around each point is encoded by a 3-D curve and approximated by polygons in a coordinate system defined by three angles. For every polygonal approximation, a 3-D super segment is computed. All 3-D super segments serve as keys into a database. Models containing similar codes as the splashes appearing in the scene are extracted.
Manuscript received November 9, 2001 ; revised January 20, 2003 Chua and Jarvis [7] proposed a point feature named point signature (PS) for 3-D object recognition. A sphere centered at a given point is intersected with the surface and creates a 3-D space curve on which a plane is fitted. The distance between the space curve and the plane, which can be plotted as a function, serves as the feature of the center point and is called the point signature.
Johnson and Hebert [1] proposed the spin images for surface registration. To create a spin image at a point, first a local 2-D basis is defined. The coordinates of other points on the surface with respect to this basis are then used in a voting procedure to create the descriptive spin image, which is a bin determined by discretizing the coordinates. 2-D spin images associated with all the points are compared to find correspondences. Yamany and Farag [2] proposed a modified version of spin image, which is called the surface point signature (SPS) and applied it to 3-D image registration.
Ashbrook and Fisher [11] proposed a pairwise geometric histogram (PGH) to find corresponding facets between two surfaces represented by triangle meshes. PGH describes the pairwise relationship of each triangle with other surrounding triangles within a prespecified distance.
An application of harmonic maps to surface registration was reported by Zhang and Hebert [3] . A surface patch enclosed by the geodesic circle is mapped to a unit disk by the harmonic map. Curvature values of the vertices are textured onto the harmonic image to generate a harmonic shape image (HSI). Corresponding points are found by comparing the HSIs. This method was also applied to 3-D object recognition [9] .
Rather than using the local geometry, some representation schemes, such as spherical attribute image (SAI) [12] and the curvedness orientation shape map on sphere (COSMOS) [8] , use the surface's global properties. Generally, the representations using global geometry are less flexible in dealing with arbitrary topology and occlusion.
In this paper, we propose a new surface representation scheme called 3-D point fingerprint [13] . The point fingerprint is a set of 2-D contours that are the projections of geodesic circles onto the tangent plane. Point fingerprint is so named because it looks like human fingerprints and can be used for discriminating surface points. Previous surface representation schemes are summarized in Table I in chronological order, identifying whether the mapping uses local geometry, computes geodesic distance, and is able to carry features. The table is an updated version of the summary in [9] .
The paper is organized as follows: In Section II the exponential map that is the theoretical basis of the point fingerprint scheme is introduced. In Section III a set of methods for generating geodesic circles, defining the 3-D point fingerprint, and selecting the candidate points are presented. In Section IV the feature matching method is pro- 
II. EXPONENTIAL MAP
Point correspondence-based surface matching methods generate a feature map for each surface point by mapping from a surface patch to the 1D or 2-D domain. We propose that the mapping should have the following four properties.
1) View-invariance: The features for surface matching must be view-invariant because they are used to match the points from different views. 2) One-to-one mapping: Local one-to-one mapping allows the map to carry meaningful features such as curvature, normal, and color. 3) Continuity: Although two maps generated from different views can not be exactly the same due to discrete sampling and surface noise, they should be similar to a certain degree for the robustness of the feature map. 4) Localization; The mapping should reflect the local geometry, which is more flexible in dealing with surfaces of arbitrary topology than global geometric information. The view invariant 2-D feature of a point p on a surface S should be defined on a plane that is common to different views. The tangent plane T p (S) is an option and can be easily obtained. In previous works, splash [6] , spin image [1] , and SPS [2] are defined on the tangent plane. Splash [6] and HSI [3] use the geodesic measure, while others use the Euclidean measure. The problem with using the Euclidean measure is that the neighborhood of a surface point is sometimes ambiguous. In Fig. 1(a) , surface patch 1 is the geodesic neighborhood of p, while the Euclidean neighborhood erroneously includes surface patch 2. PS [7] uses the Euclidean measure because a contour is generated by the intersection between a sphere and the surface. Point fingerprint uses geodesic contour. The difference is illustrated by generating both Euclidean and geodesic contours on a surface. The Euclidean contour in Fig. 1(b) is ambiguous, which makes the PS generated later on problematic. However, the geodesic contour in Fig. 1(c) is clearly defined.
A. Definition of the Exponential Map
The concept of the point fingerprint was inspired from the exponential map. For surfaces in R 3 , a geodesic minimizes arc length for points sufficiently close. The following theorem indicates the uniqueness of the geodesic in the closed neighborhood of a surface point.
Theorem 1: Given a point p 2 S and a vector v 2 T p (S); v 6 = 0, there exist an " > 0 and a unique parameterized geodesic :
(0"; ") ! S such that (0) = p;
To indicate the dependence of the geodesic on the vector v, it is convenient to denote it by (t; v). The exponential map is defined as expp(v) = (1; v), with expp(0) = p. Geometrically, the construction corresponds to laying off a length equal to kvk along the geodesic that passes through p in the direction of v and the point of S thus obtained is denoted by expp(v). The expp is important in that it is always defined and differentiable in some neighborhood of p, which is restated in the following theorem.
Theorem 2: expp : B" Tp(S) ! S is a diffeomorphism in a neighborhood U B " of the origin of T p (S). The proofs of above theorems can be found in [14] .
The exponential map establishes a one-to-one correspondence between a point's neighborhood on the surface and its tangent plane on which a feature map can be obtained. This map satisfies four properties of a mapping proposed previously. The geodesic polar coordinates (; ) defined on the tangent plane are used in this paper, where refers to the geodesic distance and refers to the departure angle of v relative to a reference vector. Fig. 2 shows the definition of the exponential map on a surface patch. To use exp p ; and must be computed for each vertex in a neighborhood of p. In the following subsection, the difficulty involved in computing the departure angle is discussed.
B. Departure Angle
Let M be a Riemannian manifold and p 2 M . If expp is defined at v 2 T p (M ) and w 2 T v (T p (M )), then the differential of exp p is 
where J(t) = (@f =@s)(t; 0); K is the curvature, and (D=dt) is the covariant derivative operator that is the orthogonal projection of the usual derivative onto the tangent plane. The difficulty in solving the departure angle originates from the covariant derivative, and the computation involving the second order derivative is usually sensitive to noise. In the next section, the point fingerprint based on the exponential map is introduced.
III. FINGERPRINT OF A SURFACE POINT Fig. 2 indicates that geodesic circles carry the geometry information of the surface. To simplify feature comparison, the geodesic circles are projected onto the tangent plane to obtain a set of 2-D contours, which are called the point fingerprint due to their similar appearance to human fingerprints. The point fingerprint is view invariant because it is defined on the tangent plane and also has continuity and localization properties.
A. Geodesic Circle Generation
Dijkstra's algorithm [16] is widely used for finding the shortest path on a network with prescribed weights for each link between nodes, which was the case in generating HSI [3] . The problem of this algorithm is inconsistency with the underlying continuous problem. For this reason we propose a modified version of Kimmel's work [17] to compute the geodesic distance.
Kimmel developed a method to compute geodesic distance on surface mesh, based on Sethian's fast marching method [18] . The basic concept is to evolve a geodesic circle with unit speed from a starting point p on the surface. When the geodesic circle passes a 3-D point, the reaching time, that is the geodesic distance, is stored for that point. The contour evolution on the surface can be described as solving an Eikonal equation such as jrjF = 1, where = 0 at the initial location and F represents the magnitude of the evolution vector. The geodesic distance computation using the fast marching method is as follows.
Algorithm 1 (Computing Geodesic Distance [17]):
The center point is tagged as alive, all the neighboring points of the center point are tagged as close, and all the other surface points are tagged as far. The geodesic distance to the center point is denoted as , and the following loop is then executed until of a certain point exceeds a prespecified value.
1) Change the tag of the close point with the smallest to alive.
2) Tag all neighboring points of this new alive point as close.
3) Recompute of these neighboring points, using only values of points that are alive. is updated only if the recomputed result is smaller. 4) Go back to step 1.
Step 1 in Algorithm 1 guarantees that the marching process is always from the point with the smallest geodesic distance to the point with the largest distance. Kimmel and Sethian [17] proposed a scheme for updating in step 3 on an arbitrary triangle mesh. This scheme was extended from the marching on a regular triangulated planar domain, and derived for the triangle mesh with only acute triangles. The obtuse triangles need to be split into acute triangles first.
We proposed a simple new scheme to update in [13] , which is applied in Algorithm 1. Locally, the computation of the distance on the surface is changed to a simple calculation in the planar triangles. The validity of this method is that the length of the curve on the surface is the integration along the tangent direction and the tangent surfaces are locally isometric to the planes [14] .
Although the geodesic measure is more natural than the Euclidean measure on surfaces, it is more sensitive to surface noise and occlusions. To overcome surface noise, the data can be smoothed in the preprocessing stage [19] . One method to solve the occlusion problem is to stop the marching process when a step discontinuity is encountered.
B. Definition of Point Fingerprint
First, a local coordinate system is defined. The normal vector natthe point p defines one coordinate axis, which is computed as the average normal of the neighboring triangles. By arbitrarily choosing one of the neighbor points, q, the other two axes can be defined as v y = n 2 ! pq=k ! pqk and v x = v y 2 n:
The projection of a certain point m onto the tangent plane generated by vx and vy can be computed as x = ((n 2 ! pm) 2 n) 1 v x and y = ((n 2 ! pm) 2 n) 1 v y : (6) Fig. 3(a) and (b) show geodesic circles on two surface patches of a synthetic head model. The corresponding point fingerprints are illustrated in Fig. 3(c) and 3(d) . The fingerprint in Fig. 3(c) is not complete because of the step discontinuity caused by self occlusion. Fig. 3(e) plots the radius variation of the third pair of contours, in which both signals are periodic and one is a translated version of the other. Similarly the normal variation is plotted in Fig. 3(f) , which is the dot product of normal vectors between the center point and points on the geodesic circle.
Not only are the fingerprints discriminating themselves, but they also can carry other features. The key is to use contours instead of a 2-D image. When the information on contours is stored, each point in a certain contour corresponds to one surface point, although the contours may intersect on the tangent plane. Thus the samples in the contours can be made to carry information of the surface points.
C. Candidate Point Selection
Because it is time consuming to compare all pairs of points in two surfaces, and points in the flat area whose fingerprints are like concentric circles provide little information in point matching, selecting a meaningful set of candidate points for comparison is necessary. Previous works argued that all point pairs should be compared in the case of free-form surface matching, where the surface may not have easily detectable landmark features such as edges and vertices. In this work, however, some feature points can be extracted even for the free-form surfaces as long as a sufficiently large neighborhood is considered. To operate locally on the triangle mesh, most previous works only considered the neighborhood as a simplex [9] , or a few nearest points obtained by KD-tree implementation based on the Euclidean measure. We claim that the geodesic neighborhood is better because it is independent of the surface sampling resolution. In this paper, a novel method is proposed which can efficiently extract candidate points.
Considering that a point-of-interest has discriminating fingerprints, candidate points that result in irregular contour shapes in the fingerprints are found. The irregularity measure is defined by the ratio of the maximum radius to the minimum radius for a certain contour in its fingerprint. The irregularity measure for points on a planar region or a sphere are close to one. On the other hand, points of interest have an irregularity measure much greater than one. Only one contour is used and the size of the geodesic circle generating the contour depends on the type and size of the surfaces under matching. Relatively large contours are used for free-form surfaces. The candidate point is labeled if the irregularity measure is larger than a prespecified value.
The complexity of candidate point selection is O (N1N2log(N2) ), where N 1 is the number of points in the surface mesh and N 2 is the number of neighboring points considered for each point. N 2 depends on the size of the neighborhood. Typically, the geodesic radius of the neighborhood is three to five times larger than the average edge length of the triangle mesh.
IV. FEATURE MATCHING
Among various features a fingerprint can carry, we exclusively use the contour radius variation and the normal variation for surface matching. On each contour of the fingerprint, we sample with an incremental angle of 2=K to represent the whole contour. Because each surface may have L candidate points and each candidate point fingerprint may have M contours, we used a three dimensional (L 2 M 2 K) data structure to store the information for each surface. In the experiments, L 100; M < 20, and K = 30 were used.
The fingerprints of an identical point from different views match with a 2-D rotation and the samples along each contour are periodic.
The following formula is used to compute Rij which is the dissimilarity measure between the ith candidate point on the first surface and the jth point on the second surface. The formula is similar to the form of cross correlation
(n 1;i;m;k 1 n 0 1;i 0 n 2;j;m;k+l 1 n 0 2;j ) 2 (7) where n 1;i;m;k is the normal at the kth point on the mth contour of the ith fingerprint from the first surface and n 0 1;i is the normal at the center point of the ith fingerprint from the first surface, and similarly for n 2;j;m;k and n 0 2;j from the second surface. The ith candidate point in the first surface and the jth candidate point in the second surface correspond if j = argmin k R ik (8) and Rij is below a threshold. The contour radius variation is similarly used to confirm the correspondences.
V. EXPERIMENTAL RESULTS
We applied the fingerprint matching to surface registration. For a given pair of surfaces, the algorithm works as follows.
Algorithm 2 3-D Registration by Point Fingerprint):
1) Extract candidate points in both surfaces.
2) Generate fingerprint for every candidate point.
3) Find corresponding points by fingerprint matching. 4) Compute a coarse rigid transformation using Horn's method [5] based on matched point pairs. 5) Apply iterative closest point (ICP) algorithm to get refined transformation. Due to the nature of the discrete sampling, the corresponding points can not be exactly the same. So the registration almost always has a certain amount of error. The ICP algorithm is used to refine the registration results. Since the ICP algorithm was first introduced by Besl and McKay [20] and Chen and Medioni Surfaces [25] in Fig. 6(a) are used for the test of handling different surface sampling resolutions. The surface in Fig. 6(a) has 28 964 triangles. The surface in Fig. 6 (b) has 5 000 triangles, which was reduced from 28 893 triangles. Extracted candidate points are shown on the surfaces. Fig. 6 (c) and 6(d) illustrate the geodesic contours of the same radius on two surfaces shown in wireframe. Corresponding points, coarse registration, and refined registration are shown in Figs. 6(e) to 6(h).
Surfaces in Fig. 7 (a) and 7(b) are from the USGS digital elevation model (DEM) with an overlapping region. Zero-mean gaussian noise is superimposed on the original surfaces. The signal-to-noise ratio (SNR) of surfaces in Fig. 7 (c)-7(d), and 7(e)-7(f) are 17.65, and 11.63 dB, respectively. Obtained corresponding points are displayed on the surfaces. Results show that fingerprint matching is robust against noise. The matching failed with SNR lower than 11.63 dB.
VI. CONCLUSION
A new surface representation method, called point fingerprint, based on a set of geodesic circles generated on the triangle mesh, is presented. Four major advantages of the point fingerprint scheme are the following:
1) Only HSI [3] and point fingerprint are based on a one-to-one mapping, which are able to carry additional information such as curvature and color to improve matching accuracy. Spin Images [1] and SPS [2] are based on 2-D histograms and can not carry additional information. 2) HSI finds corresponding points by 2-D image correlation, which is more computationally expensive than point fingerprint matching which is based on a set of 1D signal correlations. 3) Only splash [6] , HSI, and point fingerprint use geodesic measure.
However, the geodesic distance computed in point fingerprint is more accurate due to using the fast marching method instead of Dijkstra's algorithm. 4) Both point fingerprint and PS [7] use contours around a point.
The contours of PS, obtained by intersecting a sphere with a surface, are sometimes ambiguous. However, the contours in point fingerprint are clearly defined using the geodesic measure.
Experimental results demonstrated that the method can provide a good initial pose estimation of real range data for further ICP refinement. As an efficient point representation scheme, the point fingerprint may also be applied to 3-D object recognition tasks. Future work aims at improving surface registration by eliminating false correspondences using the geometric constraints between 3-D points, and applying point fingerprint to 3-D object recognition.
